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What is a good decision boundary?
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What is a good decision boundary?
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Figure 5-1. Large margin classification
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Figure 5-2. Sensitivity to feature scales



Hard margin vs. soft margin

Hard margin classification (hard-SVM)
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Hard margin vs. soft margin

Outlier . SN -
£15 \ o 15 RS » ]
k<l . RS .

2,01 Impossible! "an 10 BN N,
5] 3o
Sos 05 f -
Outlier SIS
0.0 0.0
1 4 s 1 2 4 s

3 3
Petal length Petal length

Figure 5-3. Hard margin sensitivity to outliers
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Figure 5-4. Large margin (left) versus fewer margin violations (right)
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Hard SVM



Maximum margin classifier

We begin our discussion of support vector machines to the
two-class classification problem using linear models of the
form

y(x) = wx+b (1)
where x denotes a fixed feature-space transformation, and we

have made the bias parameter b explicit.

The training data set comprises N input vectors x1, Xa, ..., Xy,
with corresponding target values ty, to, ..., ty Where

tn € {—1,1}, and new data points x are classified according to
the sign of y(x)
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Maximum margin classifier

We shall assume that the training data set is linearly separable
in feature space, so that by definition there exists at least one
choice of the parameters w and b such that a function satisfies
y(xpn) > 0 for points having t, = +1 and y(x,) < 0 for points
having t, = —1, so that tyy(x,) > 0 for all training data points.
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Maximum margin classifier: optimality criterion

Thus the distance of a point x,, to the decision surface is given
by

(2)

The margin is given by the perpendicular distance to the
closest point x, from the data set, and we wish to optimize the
parameters w and b in order to maximize this distance. Thus
the maximum margin solution is found by solving

arg max Lmin w'x, +b
e il o7+ 0] &

where we have taken the factor 1/||w|| outside the optimization
over n because w does not depend on n.
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Dual problem for convex optimization

Primal optimization problem for hard SVYM

maximize M min[tn (W%, + b)] (4)
subjectto  t,(w'xy +b) >0 (5)
(6)
Equivalently,
minimize %HwH2 (7)
subjectto  th(w'xp+b) >1 (8)

Direct solution of this optimization problem would be very
complex, so we shall convert it into an equivalent problem that
is much easier to solve.
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Lagrangian function with constraint

Setting the derivatives of L(w, b,a) with respect to w and b
equal to zero, we obtain the following two conditions

N
W = Zantan (9)
n=1

N
0= Z anty (10)
n=1
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Lagrangian function with constraint

Eliminating w and b from L(w, b, a) using these conditions then
gives the dual representation of the maximum margin problem
in which we maximize

Z an — = Z Z AnAmtatmR(Xn, Xm) (1)

nlml

with respect to a subject to the constraints

Here the kernel function is defined by k(x,x') = x'x’.
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Prediction for a new sample: support vector machine

In order to classify new data points using the trained model,
we evaluate the sign of y(x). This can be expressed in terms of
the parameter {a,} and the kernel function by substituting for

w to give

antpx]x+ b (14)

R(x,xp) + b (15)
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KKT condition: complementary slackness

We show that a constrained optimization of this form satisfies
the Karush-Kuhn-Tucker (KKT) conditions, which in this case
require that the following three properties hold

an >0 (16)
thy(xn) —1>0 (17)
an{tny(xp) — 1} =0 (18)

Thus for every data point, either a, = 0 or tyy(x,) = 1. Any
data point for which a, = 0 will not appear in the sum and
hence plays no role in making predictions for new data points.
The remaining data points are called support vectors, and
because they satisfy tyy(xn) = 1, they correspond to points
that lie on the maximum margin hyperplanes in feature space.
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KKT condition: complementary slackness

margin

Figure 7.1 The margin is defined as the perpendicular distance between the decision boundary and the closest
of the data points, as shown on the left figure. Maximizing the margin leads to a particular choice of decision
boundary, as shown on the right. The location of this boundary is determined by a subset of the data points,
known as support vectors, which are indicated by the circles.
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KKT condition: complementary slackness

Figure 7.2 Example of synthetic data from
two classes in two dimensions
showing contours of constant
y(x) obtained from a support
vector machine having a Gaus-
sian kernel function. Also shown
are the decision boundary, the
margin boundaries, and the sup-
port vectors.
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SVM: strength and limitations
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Appendix



Reference and further reading

- “Chap 7 | Sparse Kernel Machines” of C. Bishop, Pattern
Recognition and Machine Learning

- “Chap 5 | Support Vector Machines” of A. Geron, Hands-On
Machine Learning with Scikit-Learn, Keras & TensorFlow

- “Chap 4 | Convex Optimization Problems”, “Chap 5 |
Duality” of S. Boyd, Convex Optimization

- “Lecture 6 | Support Vector Machines” of Kwang Il Kim,
Machine Learning (2019)
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