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K-means clustering
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Figure 9.1 Illustration of the K-means algorithm using the re-scaled Old Faithful data set. (a) Green points
denote the data set in a two-dimensional Euclidean space. The initial choices for centres μ1 and μ2 are shown
by the red and blue crosses, respectively. (b) In the initial E step, each data point is assigned either to the red
cluster or to the blue cluster, according to which cluster centre is nearer. This is equivalent to classifying the
points according to which side of the perpendicular bisector of the two cluster centres, shown by the magenta
line, they lie on. (c) In the subsequent M step, each cluster centre is re-computed to be the mean of the points
assigned to the corresponding cluster. (d)–(i) show successive E and M steps through to final convergence of
the algorithm.
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K-means: method

We begin by considering the problem of identifying groups, or
clusters, of data points in a multidimensional space. Suppose we
have a data set {x1, x2, ..., xN} consisting of N observations of a
random D-dimensional Euclidean variable x. Our goal is to partition
the data set into some number K of clusters, where we shall suppose
for the moment that the value of K is given.

Intuitively, we might think of a cluster as comprising a group of data
points whose inter-point distances are small compared with the
distances to points outside of the cluster. We can formalize this
notion by first introducing a set of D-dimensional vectors µk, where
k = 1, ..., K, in which µk is a prototype associated with the k-th
cluster.
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K-means: method

As we shall see shortly, we can think of the µk as representing the
centres of the clusters. Our goal is then to find an assignment of
data points to clusters, as well as a set of vectors {µk}, such that the
sum of the squares of the distances of each data point to its closest
vector µk, is a minimum.

It is convenient at this point to define some notation to describe the
assignment of data points to clusters. For each data point xn, we
introduce a corresponding set of binary indicator variables
rnk ∈ {0, 1}, where k = 1, ..., K describing which of the K clusters the
data point xn is assigned to, so that if data point xn is assigned to
cluster k then rnk = 1, and rnj = 0 for j ̸= k. This is known as the
1-of-K coding scheme.
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K-means: method

We can then define an objective function, sometimes called a
distortion measure, given by

J =
N∑

n=1

K∑
k=1

rnk∥xn − µk∥2 (1)

which represents the sum of the squares of the distances of each
data point to its assigned vector µk.

Our goal is to find values for the {rnk} and the {µk} so as to
minimizes J.
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K-means: method

The terms involving different n are independent and so we can
optimize for each n separately by choosing rnk to be 1 for whichever
value of k gives the minimum value of ∥xn −µk∥2. In other words, we
simply assign the n-th data point to the closest cluster centre.

rnk =
{

1 if k = arg minj ∥xn − µj∥2

0 otherwise.
(2)
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K-means: method

Now consider the optimization of the µk with the rnk held fixed. The
objective function J is a quadratic function of µk, and it can be
minimized by setting its derivative with respect to µk to zero giving

2

N∑
n=1

rnk(xn − µk) = 0 (3)

µk =

∑
n rnkxn∑
n rnk

(4)

The denominator in this expression is equal to the number of points
assigned to cluster k, and so this result has a simple interpretation,
namely set µk equal to the mean of all of the data points xn
assigned to cluster k.

The two phases of re-assigning data points to clusters and
re-computing the cluster means are repeated in turn until there is
no further change in the assignments (or until some maximum
number of iterations is exceeded). 6/12



K-means: python example

Figure 1: K-means algorithm python example: dataset (left) and the
initialization (right).
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K-means: python example

Figure 2: From the 1st to 4th iterations.
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K-means: python example

Figure 3: From the 9th to 12th iterations.
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K-means: example

2 This can be proven by pointing out that the mean squared distance between the instances and their closest
centroid can only go down at each step.

The K-Means Algorithm
So how does the algorithm work? Well it is really quite simple. Suppose you were
given the centroids: you could easily label all the instances in the dataset by assigning
each of them to the cluster whose centroid is closest. Conversely, if you were given all
the instance labels, you could easily locate all the centroids by computing the mean of
the instances for each cluster. But you are given neither the labels nor the centroids,
so how can you proceed? Well, just start by placing the centroids randomly (e.g., by
picking k instances at random and using their locations as centroids). Then label the
instances, update the centroids, label the instances, update the centroids, and so on
until the centroids stop moving. The algorithm is guaranteed to converge in a finite
number of steps (usually quite small), it will not oscillate forever2. You can see the
algorithm in action in Figure 9-4: the centroids are initialized randomly (top left),
then the instances are labeled (top right), then the centroids are updated (center left),
the instances are relabeled (center right), and so on. As you can see, in just 3 itera‐
tions the algorithm has reached a clustering that seems close to optimal.

Figure 9-4. The K-Means algorithm
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K-means: decision boundary

Decision boundary = Voronoi tessellation

Figure 9-2. An unlabeled dataset composed of five blobs of instances

Let’s train a K-Means clusterer on this dataset. It will try to find each blob’s center and
assign each instance to the closest blob:

from sklearn.cluster import KMeans
k = 5
kmeans = KMeans(n_clusters=k)
y_pred = kmeans.fit_predict(X)

Note that you have to specify the number of clusters k that the algorithm must find.
In this example, it is pretty obvious from looking at the data that k should be set to 5,
but in general it is not that easy. We will discuss this shortly.

Each instance was assigned to one of the 5 clusters. In the context of clustering, an
instance’s label is the index of the cluster that this instance gets assigned to by the
algorithm: this is not to be confused with the class labels in classification (remember
that clustering is an unsupervised learning task). The KMeans instance preserves a
copy of the labels of the instances it was trained on, available via the labels_ instance
variable:

>>> y_pred
array([4, 0, 1, ..., 2, 1, 0], dtype=int32)
>>> y_pred is kmeans.labels_
True

We can also take a look at the 5 centroids that the algorithm found:

>>> kmeans.cluster_centers_
array([[-2.80389616,  1.80117999],
       [ 0.20876306,  2.25551336],
       [-2.79290307,  2.79641063],
       [-1.46679593,  2.28585348],
       [-2.80037642,  1.30082566]])

Of course, you can easily assign new instances to the cluster whose centroid is closest:
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>>> X_new = np.array([[0, 2], [3, 2], [-3, 3], [-3, 2.5]])
>>> kmeans.predict(X_new)
array([1, 1, 2, 2], dtype=int32)

If you plot the cluster’s decision boundaries, you get a Voronoi tessellation (see
Figure 9-3, where each centroid is represented with an X):

Figure 9-3. K-Means decision boundaries (Voronoi tessellation)

The vast majority of the instances were clearly assigned to the appropriate cluster, but
a few instances were probably mislabeled (especially near the boundary between the
top left cluster and the central cluster). Indeed, the K-Means algorithm does not
behave very well when the blobs have very different diameters since all it cares about
when assigning an instance to a cluster is the distance to the centroid.

Instead of assigning each instance to a single cluster, which is called hard clustering, it
can be useful to just give each instance a score per cluster: this is called soft clustering.
For example, the score can be the distance between the instance and the centroid, or
conversely it can be a similarity score (or affinity) such as the Gaussian Radial Basis
Function (introduced in Chapter 5). In the KMeans class, the transform() method
measures the distance from each instance to every centroid:

>>> kmeans.transform(X_new)
array([[2.81093633, 0.32995317, 2.9042344 , 1.49439034, 2.88633901],
       [5.80730058, 2.80290755, 5.84739223, 4.4759332 , 5.84236351],
       [1.21475352, 3.29399768, 0.29040966, 1.69136631, 1.71086031],
       [0.72581411, 3.21806371, 0.36159148, 1.54808703, 1.21567622]])

In this example, the first instance in X_new is located at a distance of 2.81 from the
first centroid, 0.33 from the second centroid, 2.90 from the third centroid, 1.49 from
the fourth centroid and 2.87 from the fifth centroid. If you have a high-dimensional
dataset and you transform it this way, you end up with a k-dimensional dataset: this
can be a very efficient non-linear dimensionality reduction technique.
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Appendix



Reference and further reading

• “Chap 9” of A. Geron, Hands-On Machine Learning with
Scikit-Learn, Keras & TensorFlow

• “Chap 9” of C. Bishop, Pattern Recognition and Machine Learning
• Variational Bayesian mixtures of Gaussians
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