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Singular value decomposition

Singular value decomposition (SVD) of a given matrix A

A = UΣVT (1)

=

 | | |
u1 u2 · · · ur
| | |




σ1 0 · · · 0

0 σ2 · · · 0
...

... . . . ...
0 0 · · · σk




vT1
vT2
...

vTr


(2)

where

• A ∈ ℜm×n, rank(A) = r
• U ∈ ℜm×r, UTU = I
• V ∈ ℜn×r, VTV = I
• Σ = diag(σ1, ..., σr) where σ1 ≥ · · · ≥ σr > 0
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Singular value decomposition

with U =

 | | |
u1 u2 · · · ur
| | |

 and V =

 | | |
v1 v2 · · · vr
| | |

,

A = UΣVT =

r∑
k=1

σkukvTk (3)

where

• σi are the nonzero singular values of A
• vi are the right or input singular vectors of A
• ui are the left or output singular vectors of A
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Interpretations

SVD:

A = UΣVT =

r∑
k=1

σkukvTk (4)

Interpretations

A = UΣV T =

r
∑

i=1

σiuiv
T
i

x V Tx ΣV Tx Ax
V T UΣ

linear mapping y = Ax can be decomposed as

• compute coefficients of x along input directions v1, . . . , vr

• scale coefficients by σi

• reconstitute along output directions u1, . . . , ur

difference with eigenvalue decomposition for symmetric A: input and
output directions are different

Symmetric matrices, quadratic forms, matrix norm, and SVD 15–29

Linear mapping y = Ax can be decomposed as

• compute coefficients of x along input directions v1, ..., vr
• scale coefficients by σi
• reconstitute along output directions u1, ..., ur

difference with eigenvalue decomposition for symmetric A: input
and output directions are different
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Geometric interpretation
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